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A review is presented of the basic ideas in the studies of Bogolyubov and Krylov in which
they proposed and substantiated the method of accelerated convergence in nonlinear
mechanics and considered many important applications of this method based on successive

changes of variables.

In 1934, Krylov and Bogolyubov proposed one of the
numerous methods of the nonlinear mechanics that they
constructed, the so-called asymptotic methods of nonlinear
mechanics. This was the special method of successive
changes of variables; in many cases, it is an effective tool
for solving numerous interesting and important problems
of nonlinear mechanics. In particular, this method was
used to solve the important problem of the existence of a
quasiperiodic regime with two fundamental frequencies in
nonlinear oscillatory systems.

We shall consider the basic features of this method.’
We consider a system of differential equations in the stan-
dard form"

dx ¥ :
—=eX(xe), (1)
where x=(x,,...,x,), X=(X,,...,.X,) are points of the
n-dimensional Euclidean space E,,, ¢ is the time, and ¢ is a
small positive parameter.

In accordance with the general methods of nonlinear
mechanics, we form for Eq. (1) the mth approximation:

xM =g 4 eFD(4€) 4.4+ F™ (1), ()

in which the new variables £ are solutions of the equation

d
Egzgg(l)(g)+._.+£(m)g7(m)(§)_ (3)
Here, the functions FU(4,€),...F"™ (1) and

9”“’(@'),...,@ (m) (&) are chosen [on the basis of the known
expressions for X (#,£,6)] in such a way that the series (2)
satisfy Eqgs. (1) up to terms of order ™!, provided that &
is determined from Egs. (3).

If now, having determined the functions
FW (t,§),...,F(’”)(t,§), we regard the expression (2) not, as
is usual in nonlinear mechanics, as an approximate asymp-
totic solution of the system (1), but as a certain change of
variables, which transforms the unknown x to the new
unknown &, then Eq. (1) is reduced to the equation

d
d—f=s@“’(§)+e29’<2>(§>+...+e"'@“">(§>

+&e" TR (1,€,¢), (4)
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which consists, so to speak, of an “integrable” part and a
perturbation e’"+15§’(t,§,e), which is a quantity of order
™t and depends on the time ¢. At the same time, if the
variable £ satisfies Eq. (4), then the expression (2) is an
exact solution of Eq. (1).

In the expressions (2)-(4), we now let m go to infin-
ity. If the series (2) are convergent, then the system of
equations (1) reduces to the “integrable” system

dg
=7 (&), (5)
where

Z(Ee)=1lim (ZD(E) +eZ P (&) +..em"Z? ™ (£)).
m- oo

However, in the general case such a development of
the method proved to be impossible—already for systems
with functions X (#,x,e) quasiperiodic in ¢, small divisors
appear in the expressions (2), and the series (2) diverge.
Because of this, the idea of reduction to the “integrable”
system (5) remained impossible, and the method did not
allow one to draw conclusions about the behavior of the
solutions of the system (1).

However, for m finite and € small, the series (2) can be
regarded as approximate asymptotic solutions.

In 1963, following the publication of papers of
Kolmogorov‘s"8 and Arnol’d,'®> Nikolai Nikolaevich
Bogolyubov* developed a new method of successive
changes of variables, and the idea of reducing the system
(1) to the “integrable” form (5) found its real implemen-
tation, not only in the proof of a number of interesting and
important theorems by Bogolyubov himself but also in the
studies of various authors.

We give the gist of the idea of the cited studies of
Kolmogorov and Arnol’d as applied to a conservative dy-
namical system determined by the canonical equations

dp 0H dq JOH
dt__aq ’ E_ay pP= (pl;-",pn)’

q=(q1,--+9,), (6)

with an analytic Hamiltonian function H(p,q,e) that is
27r-periodic in q.

We assume that the Hamiltonian H(p,q,¢) has the
form
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H(p,q.£)=Hy(p) +€H,(p,q) +¢£.., (7)

i.e., the system (6) differs from an integrable system by a
small perturbation.

Substituting the value (7) of H(p,q,¢) in Egs. (6), we
obtain the system

dp JH, 1

E= —€ a—q+

dq oH
dt—w(]’) +e€ g"'---

o )—% (8)

In the system of equations (8), we now make a canon-
ical transformation in accordance with

., as(p’.q)
p=p +£————aq
, as(p'.q)
q ——q+ET, 9

and this reduces H(p,q,€) to the form

H(p,q.e)=Hy(p',e) +H,(p',q") + ..., (10)
and Egs. (8) to the form

dp’ oH]

22l

dt daq’

_i'_ e ZaH;

= ') +e 8p’+"" (11)

Making in the system of equations (11) a transforma-
tion of the same type as (9), we obtain the equations

dp’ oHY
AN i S
d oq"
q”_ " n 4 i'
dt =0 (P )+£ apn +"" (12)

etc., in which the orders of the ‘“nonintegrable” corrections

for the equations will be, respectively, proportional to
2. 4.8 2

e5,6Ne°,. ...

Whereas in the approximation process made by means
of the expressions (2) we augment the right-hand sides
with terms of higher order in order to raise the accuracy, in
the process as given by Kolmogorov and Arnol’d there is a
new element, which is that one and the same transforma-
tion is applied repeatedly. The resulting ‘““accelerated con-
vergence” of the process suppresses the influence of the
small denominators that appear in the expressions of the
change of variables (9), and for the “majority” of initial
values of p the superposition of such substitutions con-
verges.

In the solution of some problems of nonlinear mechan-
ics, it is possible to establish for the corresponding differ-
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ential equations the existence of integral (invariant) man-
ifolds, which possess the property of asymptotic attraction
of neighboring trajectories.

For example, suppose that the dynamical system is
characterized by the equations

dx X 13
—=X(x,),
7 (x,€) (13)
where x=(xy,...,x,), X=(Xy,...,X,,) are the vectors of an
n-dimensional Euclidean space, and € is a small positive
parameter.

Under certain conditions, it is possible to establish for
the system of equations (13) the existence of an invariant
toroidal manifold:

x=P(@), @=(@1,esPm). (14)

In this case, the original system (13) reduces to an
equation on a torus,

do

2=V (pe), (15)
where @=(@1,.-\@m)s V= V1,..s¥), and f=(f1,-esfm)
is a periodic function of ¢, which may be small [by virtue
of the presence of € on the right-hand side of Eq. (13)], i.e.,
the variation of g is close to uniform rotation with constant
angular velocity v.

Under certain conditions, the manifold (14) possesses
the property of asymptotic attraction of the trajectories of
all solutions of Eqgs. (13) that do not lie on the torus (14).

It is of interest not only to find the integral manifold
(14) but also to investigate the behavior of the integral
curves that lie on this manifold.

The investigations of Krylov and Bogolyubov in 1934
that were devoted to this question and were based on the
method of successive changes of variable by means of the
transformations (2) were made using the results of Poin-
caré and Denjoy on mappings of the circle onto itself.

However, their theory relates to the one-dimensional
case, when the original system of differential equations
(13) reduces to two equations:

do 0

E—V-f-f(‘P, )

dob

P (16)

In accordance with the Poincaré-Denjoy theory, the
behavior of the solutions on the two-dimensional torus
(16) is characterized by the number of revolutions Q: 1) if
Q is irrational, then the solutions on the torus are quasi-
periodic; 2) if Q is rational, then there are periodic solu-
tions, and all the remaining solutions approach them with
the passage of time.

If the original system of differential equations (13) is
reduced to the form (16), then, as was shown by Krylov
and Bogolyubov'® in 1934, one can prove the existence of a
quasiperiodic solution with two fundamental frequencies
®; and w, and establish its stability.
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At that time, it did not prove possible to study the
general case in the framework of the Poincaré—Denjoy the-
ory.

In 1963 Bogolyubov succeeded, by combining the
method of accelerated convergence with the method of in-
tegral manifolds that he had developed, taking into ac-
count at the same time some specific features inherent in
nonlinear oscillatory systems, in significantly extending the
domain of applicability of the method of successive
changes of variables and in solving the problem of the
existence of quasiperiodic solutions for the general case
n>2.

We turn to the formulation of the basic problem con-
sidered by Bogolyubov.*

In the investigation of the system of equations (13), it
is usually convenient to replace the variables x=(xy,...,x,)
by new variables 4, @ in such a way that the original equa-
tions (13) are reduced to a system of the form

dh—Hh F(h
Pr +F(h,p)

d
vt fhe),

dr (7

where h=(hy,...h,), @ = (@1,....p,) (the sum n+n, of
the dimensions of the vectors /4 and ¢ is equal to the di-
mension of the vector x and is denoted n+n, for conve-
nience); at the same time, we assume that the real parts of
the eigenvalues of the n X n matrix H are all negative:

lefl'| < Ze=, 10, (18)

where Z >0, a>0 are constants; the vector functions
F(h,p) and f(h,p) are small for sufficiently small 4 and
are regular.

Even if the functions on the right-hand sides of the
system of equations (17) are analytic and arbitrarily small,
one cannot directly prove the existence of an analytic torus
in the complex domain for these equations. This is made
obvious by a simple example.

Consider the system of differential equations

dh _
5= —h+flp)=—ah+ S pReitke)
! (k)

do

Ve (h=hy, p=(@1,92)). (19)

For the system (19), we readily find the invariant
manifold

h=S(¢), (20)
where
ei(k,rp)
S(e)=2 (k= (ky,k2)), 1)

xn k(vt+ey)+a

and it is obvious that for real £ and y the torus (21) always
exists. However, if £ or y are complex, then we can always
adjust them in such a way that

k(v+Reey)=0 and k(Im ey) +a=0.
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In this case, we can obtain for the function S(¢) a set
of poles for arbitrarily small ¢, and, therefore, we cannot
directly establish the existence of an invariant torus that is
analytic with respect to both the angle @ and the parameter
€ in the neighborhood of the value e=0.

Note also that since in the construction of the change
of variables (2) sums of the type (mw) occur in the de-
nominators, we cannot expand w in powers of a small pa-
rameter, and therefore it is expedient to express the “fre-
quencies of the zeroth approximation” v in Egs. (17) in
terms of the exact frequencies o and not find o from v and
f; rather, it is better to assume that o are given and to
determine A=v—w as a function of .

Substituting v=w+ A in Egs. (17), we obtain the sys-
tem

dh

7 Hh+F(h,@,A)

(22)

do
E=w+A+f(h,<p,A).

We now assume that for the system of equations (22)
the following conditions hold: F (A,p,A) and f(h,p,A) are
analytic functions of the complex variables 4, ¢, and A in
the region

Al <y, (23)

that are sufficiently small for sufficiently small 4, Im ¢, and
A, and in the region (23) they satisfy the conditions

OF (h,p,A) ‘I
—ahq— <L,

Img|<p, |A|<a,

|F(h@,A)||<N, n

| f(h,A) <M, (24)

where the constants N, L, M, 7, p,, o, satisfy certain
relations that we do not give here and are used in the
process of the complicated proof of the theorem.

In addition, we have introduced the norm

lall= sup |e™|e™,
k=1,.,n
0<t<

(25)

where H, the square n-dimensional matrix in Eq. (22),
satisfies the condition

lefl'|<Pe~ for t>0, a>0, Z =const>1.
(26)

Suppose, in addition, that the real
= (wl,wz,...,w,,o) satisfy the condition

| (mw) | >k|m|~ (D) (27)

where n, is the dimension of the space of w, and |m|
=| m| +| my| + ... +| my|, my,my,...,m, are arbi-
trary integer (positive and negative) numbers.

The condition (27) is necessary to ensure that in the
construction of the changes of variables we do not encoun-
ter denominators of the type (m,w).

However, it is well known that if one considers the
sphere in the space @ = (@},@;,..,0,,) then the relative
measure of the set of the  for which the condition (27) is
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not satisfied tends to zero together with k. Thus, for suffi-
ciently small k “most” o satisfy the inequality (27).
Thus, combining the method of accelerated conver-
gence with the method of integral manifolds, Bogolyubov
proved the following fundamental theorem, in which he

took into account in sophisticated arguments the proper-
ties of nonlinear systems.

Theorem (Bogolyubov’s Theorem). If in the system of
equations (22) the functions F(A,p,A) and f(h,p,A) sat-
isfy all the conditions given above, then for an appropriate
choice of A=D'*) these equations have a quasiperiodic
solution with frequencies v = (col,a)z,...,wno) of the form

h,=8(=) (wt+9;)
(28)

@r=0t+3,+ D) (82 (wt+9),0t+9,,0).

If h, and @, are any solutions of the system (22) whose
initial values Ay and @, satisfy the condition

uh pP1 1
i< Imol< 5 (1-3,),

then A, and ¢, will converge asymptotically to this quasi-
periodic solution. If in addition to the above conditions the
functions F(h,p,A) and f(h,p,A) are analytic functions of
the parameter £ in the region 0<e<g;, then D(=) (=),
and S(*) will also be analytic functions of ¢ in the region
0<e<eg,.

We shall not dwell on the detailed proof of this theo-
rem; we merely note that an important part of the proof is
the construction of transformations

p=3+2=)(1,9,0),
(29)

A=D'=),

by means of which the system of equations (22) is reduced
to the form

ah Hh+F(h9,A

S =Hh+F(h3A).

(30)

dd

E—w.

In accordance with the usual devices, an integral manifold
h=5'")(wt+%,) is determined for the system of equa-
tions (30).

The construction of the transformation (29) uses a
rapidly convergent iterative process of transformation that
takes the following form. In the system, one introduces the
change of variables

— (1) (1) (1) A(D
o=@ ' +u(he',AY),

31
A=A(AD),

as a result of which we obtain for 4 and @' the equations

dh
;1—t=Hh+F1(h,¢>“),A“)).
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d(p(l)

——=0+AD 4 £(heM,AD).

dt (32)

Applying to the system (32) the transformation

(D — @ 4 @ (f o AD
=@ +u " (he' 7,4,
¢ ¢ ¢ (33)

A(1)=A(1)(A(2)),

we arrive at the equations

dh
< =Hh+F,(ho®,A%)
(34)
dep?
dt

=0+AD 4 f5(he?,AD).

In the sth step of this process, we make the transformation

¢,(S+1) =¢,(S) —|—u(s)(h,¢>(s),A(s)),

(35)
A(S—l)zA(S—l)(A(S))
and we arrive at the equations
dh
Z=Hh+Fs(h,<p(”,A(”),
(36)

d(p(S)
dt

=0+A9+ f(he"),AY).

In making the chain of transformations (31), (33),...
(35),..., Bogolyubov performed scrupulous calculations
and estimates that ensure at each step analyticity of the

substitutions and, ultimately, accelerated convergence of

. . 5
the entire process proportional to £2,6%,€5,...€2... .
p

Subsequently, Bogolyubov’s method of accelerated
convergence ensured by successive changes of variables
was used to construct the general solution of a nonlinear
differential equation in the neighborhood of a quasiperiodic
solution.

Considering, to simplify the calculations, the case
when the n-dimensional square matrix H in the system
(30) degenerates into a vector B=(f3;,53;,....8,) and as-
suming that all B have negative real parts, we arrive at the
system

dh
(37)
de
Pl
To construct solutions of the system (37), we apply
the method of successive changes of variables; as a result,
the B in (37) will be changed, tending in the limit to def-
inite values, which we denote by a=(a;,a;,...,a,). They
are the “true” coefficients of the linear system of differen-
tial equations that we obtain after transformation of the
system (37). Therefore, as in the case with the frequencies
w, it is not expedient to find a from S and F but, assuming
a is given, it is better to determine certain corrections
E=B—a (§=(&,,£,,...,€,)) as functions of a:
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E=&(a). (38)

Thus, we introduce in the system (37) corrections &, after
which it takes the form

dh
(39)

dp

de @

where F(h,@,£) is an analytic function of the complex ar-

guments A, @, £ in the region

|h|<n, [Im@|<p, |§|<o. (40)
Qur task is to find a transformation
h=g+3=)(g,@) (41)

that is analytic in g and @ and a £=£‘®’ for which the
system (39) is reduced to a system of linear differential
equations with constant coefficients:

dg
a®
(42)
do
Z—m.

Then, integrating the system (42), we obtain the general
solution of the system (39) in the form

h=Ce™+3(=)(Ce®, 0t +9)
(43)

p=ot+1d,

which contains n=ny arbitrary
C=(C},Cp,.-,C)s B0 = (V01,9025+-sF0n,)-
Combining this solution with the quasiperiodic (28),
we obtain the general solution of the system (27) in the
neighborhood of the quasiperiodic solution (28).2
As a result, the following theorem can be proved.
Theorem.!! Suppose that for the system of equations

constants

dh
== (a=Eh+F(heAf)
(44)

de
S =0+ A+ (g0 )

all the necessary conditions (see, for example, Ref. 11) are
satisfied.

Then for an appropriate choice of A=D'*)(0) and
E=¢& (2)(0) the system (44) can be reduced by the change
of variables

h=g+3(<)(g,3,0)
(45)

¢p:ﬁ+<1>(°°)(g+8(°°)(g,ﬁ,O),ﬁ,O)
to a linear system with constant coefficients:

dg
P7aad
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i 46
= (46)

and after integration of this system the general solution of
the original system (44) will have the form

h,=Ce®+3(=) (Ce™,0t+3¢,0),
Pr=0t+3,+P(*) (Ce® +3(2) (Ce™ wt+30,0),0t

+8070)’ (47)

where the n+n, arbitrary constants C, ¥, belong to the
region

P
IR (48)

1
Cl< 3, [md|<
With the passage of time, the solution (47) tends to the
stationary quasiperiodic solution

h(wt) =3(2)(0,0t+8,,0)

@(0t) =ot+35+ D) (32) (0,014 3¢,0),0t+30,0),
(49)

where |Imd,| <(p/2)(1—3n), in accordance with the law

|h—h(wt)| <3 |Cle~™. 50
0
|@—@(wt)| <3 Ci(re) | Cle ™.

This theorem on the possibility of reducing the system
of equations (44) and, therefore, the system (1) to the
equations (46) with constant coefficients and the construc-
tion of the general solution in the neighborhood of the
stable stationary quasiperiodic solution (49) makes it pos-
sible to investigate the behavior of the solutions in the
neighborhood of a quasiperiodic solution and opens up
prospects for further investigation of other forms of equa-
tions containing a small parameter.

It is well known that systems of linear differential
equations with quasiperiodic coefficients occupy an impor-
tant place in the theory of differential equations. We shall
therefore consider some results related to the study of sys-
tems of the form

dx y 7
P x+Z(p)x
(51)
de
dr @

where A4 is a constant, & (¢) are nXn real (for real @)
matrices that are 2m-periodic in @=(@,@2,s@Pm);
0= (w,,0,,...,0,,) are the frequencies of the matrix
Z (wt); x=(x1,X;,...,X,) is an n-dimensional vector; and ¢
is the time.

For the system of equations (51), we try to find a
change of variables

(52)

with nondegenerate periodic and real (for real @) matrix
® (@) that reduces the system (51) to a system with con-
stant coefficients

x=0(p)y
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d d.
Z=dy, =0, (53)
where A, is a constant n X n real matrix.

This problem has been considered by many authors
(see the references in Ref. 5). For the case of a linear
system with periodic coefficients, i.e., the system (51) for
m=1, the Floquet-Lyapunov results, which prove the ex-
istence of the substitution (52), are well known. The prob-
lem of the reducibility of a system with quasiperiodic co-
efficients has not yet been completely solved.

We now give some results obtained when one seeks
solutions of the system (51) for the case in which the
vector function Z (@) is small, using the construction of
the reducing matrix ®(¢) by means of Bogolyubov’s
method of accelerated convergence ensured by successive
changes of variables. By means of this method, the system
of equations (51) can be reduced to a system (53) with
constant coefficients, using a reducing matrix ®(¢) ex-
pressed by rapidly convergent series. The following theo-
rem holds (for the proof, see Refs. 5 and 12).

Theorem. Suppose that the right-hand side of the sys-
tem of equations

dx y >
2= Ax+ (p)x
(54)
do
a=°

satisfies the following conditions.

1. The matrix £ (@) is 2w-periodic in
@=(@1,925---»@,,), is analytic in the region
|Im @| =sup|Im @, < po  (po>0), (55)
a
and is real for real .
2. For certain positive € and d, the inequality
| (ko) | >e| k|4 (]k|50) (56)

holds for all integer vectors k= (ky,k,,...,k,,).

no (Ag— AN (Ao—Ap 1) (Ao—A% 4 1) (dg—A47)

3. The eigenvalues A= (4,,4,,...,4,) of the matrix 4
have different real parts.

Then one can find a sufficiently small positive constant
M ¢ such that for

n

| Z (@) | = > | Z (@) | <Ay

Lj=1

(57)
the system of equations (54) can be reduced by means of a
nondegenerate change of variables

(58)

with matrix (@) that is 2m-periodic in @, analytic and
analytically invertible in the region

x=P(p)y

|Im<p|<%, (59)

and real for Im ¢=0 to the form
(60)

where A4, is a constant matrix.
In accordance with this theorem, the fundamental ma-
trix of solutions of the system (54) has the form

(61)

where the matrix ®(wt+¢,) is nondegenerate and quasi-
periodic in ¢, real for real ¢,, and possesses frequency basis
O=(01,07,...,0,,)-

With allowance for Lagrange’s well-known expression
that represents an analytic function of the matrix f(A4) as
a polynomial in 4 and the circumstance that by virtue of
the smallness of the matrix % (@) the eigenvalues
A9,A3,...,A2 of the matrix A, are close to the eigenvalues
A1,A5,...sA, of the matrix A, i.e., also have different real
parts, the fundamental matrix (61) can be represented in
the form

X=®(wt+@)e, p=wt+¢,,

0

X=®(wt+@p)

DAs is well known, the expression ‘“‘standard form” is (in accordance
with the terminology proposed by Krylov and Bogolyubov) used for
differential equations whose right-hand side is proportional to a small
parameter £. Many problems of nonlinear mechanics containing a small
parameter can be reduced to such equations.

DThe possibility of solution of such a problem was pointed out by Kol-
mogorov in Ref. 7, and some results close to those presented were
obtained by Belaga (see the references in Ref. 5).
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,3;1 (A= AD) - (A — AR, ) (A% — A% 1) (A — AT

) e, (62)
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